By p(|K|) denote the characteristic class of a combinatorial manifold K given by the polynomial p in Pontrjagin classes of K. We prove that for any polynomial p there exists a function taking each combinatorial manifold K to a rational simplicial cycle z(K) such that: (1) the Poincaré dual of z(K) represents the cohomology class p(|K|); (2) a coefficient of each simplex ∆ in the cycle z(K) is determined only by the combinatorial type of Lk ∆. We also prove that if a function z satisfies the condition (2), then this function automatically satisfies the condition (1) for some polinomial p. We describe explicitly all such functions z for the first Pontrjagin class. We obtain estimates for denominators of coefficients of simplices in the cycles z(K).
Introduction
The following general problem was studied by many researchers, see [3, 4, 5, 8, 13] . Given a triangulation of a manifold one need to construct a cycle, whose Poincaré dual represents a given Pontrjagin class of this manifold. In addition, one usually wants the coefficient of each simplex in this cycle to be determined by the structure of the manifold in some neighborhood of the simplex. First let us discuss the most important results concerning this problem.
A. M. Gabrielov, I. M. Gelfand and M. V. Losik [4, 5] found an explicit formula for the first rational Pontrjagin class of a smooth manifold. To apply this formula one need the manifold to be endowed with a smooth triangulation satisfying some special condition. In their paper [8] , I. M. Gelfand and R. D. MacPherson considered simplicial manifolds endowed with some additional combinatorial data called a fixing cycle. A fixing cycle is a combinatorial analogue of a smooth structure and can be induced by a given smooth structure. For simplicial manifolds with a given fixing cycle I. M. Gelfand and R. D. MacPherson constructed rational cycles whose Poincaré dual represent the normal Pontrjagin classes of the manifolds. In these cycles the coefficient of simplex depends both on the combinatorial structure of the neighborhood of this simplex and on the restriction of the fixing cycle to this neighborhood.
The other approach is Cheeger's. In [3] he obtained explicit formulae for cycles whose Poincaré dual represent real Pontrjagin classes. In these cycles the coefficient of simplex depends only on the combinatorial type of the link of this simplex. Cheeger's formula can be applied for any pseudomanifold. It is unknown if the obtained cycles are rational.
Assume that for any combinatorial manifold K we have a cycle in the cooriented simplicial chains of K given by z(K) = ∆∈K, dim ∆=dim K−n f (Lk ∆)∆ where the value f (L) is determined by the isomorphism class of the oriented (n − 1)-dimensional PL sphere L and the function f does not depend on the manifold K. Then we say that z is a characteristic local cycle of codimension n. The function f is called a local formula for this characteristic local cycle. We prove that for any rational characteristic class p ∈ H * (BP L; Q) there exists a rational characteristic local cycle z such that the Poincaré dual of the cycle z(K) represents the cohomology class p(|K|) for any combinatorial manifold K. (BP L is the classifying space for stable PL bundles.) This improves a theorem of N. Levitt and C. Rourke [13] . They obtained a similar result for the cycles given by z(K) = ∆∈K, dim ∆=dim K−n g(Lk ∆, dim K)∆ Such cycles are not characteristic local cycles because the function g depends on the dimension of K.
In section 2 we define the cochain complex T * (Q) whose elements are skewsymmetric functions from the set of all isomorphism classes of oriented PL spheres to Q. We prove that the function f ∈ T * (Q) is a cocycle iff it is a local formula for a characteristic local cycle. We prove that there exists an isomorphism H * (T * (Q)) ∼ = H * (BP L; Q) = H * (BO; Q). Hence any rational characteristic local cycle represents the homology classes dual to some polynomial in the Pontrjagin classes of the manifolds. Besides, a local formula for a given rational characteristic class is unique up to a coboundary.
In section 3 we obtain an explicit formula for all rational characteristic local cycles z such that the Poincaré dual of z(K) represents the first Pontrjagin class of a combinatorial manifold K. This result is new because the formulae of [4, 5, 8 ] cannot be applied for an arbitrary combinatorial manifold and the formulae of [3] give only real characteristic local cycles. We use the following approach. First we find explicitly all rational characteristic local cycles of codimension 4, i. e. all local formulae f ∈ T 4 (Q). Then we prove and use the theorem that any such characteristic local cycle represents the homology classes dual to the first Pontrjagin class multiplied by some rational constant. The usage of bistellar moves is very important.
In section 3.6 we find some estimates for the denominators of the local formulae's values. In particular, we prove that if f is a local formula for the first Pontrjagin class and q be an integer number, then there exists a PL sphere L such that the denominator of f (L) is divisible by q. Hence there exist no integer local formulae representing nontrivial homology classes.
A brief formulation of our results is contained in [6] . In this paper we omit proofs of several propositions. Full proofs can be found in [7] .
Terminology and notation. All necessary definitions and results of PL topology can be found in [15] . In the sequel all manifolds, triangulations and bordisms are supposed to be piecewise linear. All manifolds are supposed to be closed. All bordisms are supposed to be oriented. An isomorphism of oriented simplicial complexes is an isomorphism preserving orientation. An isomorphism changing orientation is called an antiisomorphism. Let K be a simplicial complex on a set S. By CK, ΣK, and K ′ denote respectively the cone and the suspension over K, and the barycentric subdivision of K. The full subcomplex spanned by a subset V ⊂ S is the subcomplex L ⊂ K consisting of all simplices ∆ ∈ K such that all vertices of ∆ belong to V . By Lk ∆ and Star ∆ denote respectively the link and the star of a simplex ∆.
2 Local formulae
Main definitions and results
Let T n be the set of all isomorphism classes of oriented (n − 1)-dimensional PL spheres. Usually we don't distinguish between a PL sphere and its isomorphism class. For any L ∈ T n by −L denote the same triangulation with the opposite orientation. Let L ∈ T n be symmetric if there exists an antiautomorphism of L. Let G be an abelian group. By T n (G) denote the abelian group of all functions f :
, where the sum is over all vertices v ∈ L and the orientation of Lk v is induced by the orientation of L. Evidently, δ 2 = 0. Thus T * (G) is a cochain complex. Let K be an m-dimensional combinatorial manifold. Let G be the local system on |K| with fiber G and twisting given by the orientation. A coorientation of the simplex ∆ n ∈ K is an orientation of Lk ∆ n . Any m-simplex is supposed to be positevely cooriented. By C n (K; G) denote the complex of cooriented simplicial chains of K. Let ∂ : C n (K; G) → C n−1 (K; G) be the boundary operator. (The incidence coefficient of two simplices τ k−1 ⊂ σ k is equal to +1 iff the orientation of Lk σ k is induced by the orientation of Lk τ k−1 .) The homology of C * (K; G) is equal to H * (|K|; G). If K is oriented then we have the augmentation ǫ :
Proposition 2.1. 1) f is a local formula if and only if f is a cocycle in the cochain complex T * (G).
The second claim of the proposition follows. Also, if f is a cocycle, then f is a local formula.
Suppose δf = 0. Then there exists L ∈ T n+1 such that (δf )(L) = 0. If m > n, then there exists an m-dimensional combinatorial manifold K such that Lk ∆ ∼ = L for some simplex ∆ ∈ K. Then the coefficient at the simplex ∆ in the chain ∂f ♯ (K) = (δf ) ♯ (K) is nonzero. Hence f ♯ (K) is not a cycle. Therefore f is not a local formula.
Let us now prove the third claim of the proposition. Assume that m > n. K 1 can be transformed to K 2 by the sequence of stellar subdivisions and inverse stellar subdivisions (see [1] ). We can assume without loss of generality that K 1 can be transformed to K 2 by a stellar subdivision of some simplex ∆. Then the support of the cycle f ♯ (K 2 ) − f ♯ (K 1 ) is contained in the subcomplex Star ∆, which is contractible. The proposition follows.
The case n = m is proved in section 2.2. 
Theorem 2.1. For any rational characteristic class p ∈ H n (BP L; Q) there exists a unique cohomology class
is a boundary for any combinatorial manifold K, then f is a coboundary.
Invariance under bordisms
n (G) be a local formula. Let L be an n-dimensional null cobordant oriented combinatorial manifold. Prove that ǫ(f ♯ (L)) = 0. Proposition 2.2 and the unproved case of Proposition 2.1 follow.
Let K be an (n+1)-dimensional combinatorial manifold with boundary such that ∂K = L. Suppose u is a cooriented vertex of L; then Lk K u is a triangulation of n-disk. The coorientation of the vertex u in the simplicial complex K induces the coorientation the vertex u in the complex L. Hence we have the monomorphism 
The isomorphism ⋆
Let Ω n be a group of oriented n-dimensional PL bordisms of a point. From Proposition 2.2 it follows that the homomorphism ⋆ : H n (T * (G)) → Hom(Ω n , G) taking each cohomology class ψ to ψ ⋆ is well defined. There exists a canonical isomorphism Hom(Ω n , Q) ∼ = H n (BP L; Q). Hence we have a homomorphism
The fact that ⋆ is an epimorphism can be easily deduced from the results of Levitt and Rourke [13] . Their approach uses an explicit construction of the classifying space B P L n for block bundles. However it is possible to prove that ⋆ is an isomorphism quite elementary, see [7] . Here we omit the proof of the fact that ⋆ is a monomorphism, see [7] .
The cohomology classes
for manifolds of an arbitrary dimension From Proposition 2.2 it follows that for any cohomology class ψ ∈ H n (T * (Q)) there exists a rational characteristic class
n . Let us prove that this formula holds for a manifold of any dimension.
Obviously, Theorem 2.1 follows from Corollary 2.3 and Proposition 2.3. Let P be a compact polyhedron. Let Q ⊂ P be a closed PL subset. We say that P is a manifold with singularities in Q if P \ Q is a (nonclosed) manifold. We have the Lefschetz duality H m−n (P, Q; G) ∼ = H n (P \ Q; G) for n < m. Let ψ ∈ H n (T * (Q)) be a cohomology class satisfying n < m. Consider an arbitrary triangulation K of P . Let L ⊂ K be the subcomplex consisting of all closed simplices whose intersections with Q are not empty. Let f ∈ T n (G) be a local formula representing ψ.
Arguing as in the proof of Proposition 2.1 it is easy to prove that f ♯ (K, L) is a relative cycle, whose homology class does not depend on the choice of a triangulation K and a local formula f representing ψ. Thus the classes ψ ♯ (P, Q) ∈ H m−n (P, Q; G) and ψ ♯ (P, Q) ∈ H n (P \Q; G) are well defined. Let S ⊂ P \ Q be a compact subset. Evidently, the cohomology class ψ ♯ (P, Q) S is determined by the topology of some neighborhood U ⊃ S. Hence we have the following proposition.
depends only on the manifold N k and the number m and does not depend on the choice of the triple (P, Q, i).
j=1 t j y j , where y 1 , y 2 , . . . , y m−k are the vertices of the simplex ∆ m−k−1 ,
is a submanifold with trivial normal bundle. Let K be an arbitrary triangulation of N k . The embedding i is transversal to simplices of K. We have
Hence for any local formula f the intersection of the cycles
Proof of Proposition 2.3. Consider the case G = Q, n = k. Let M m be an oriented manifold such that m > n. By Propositions 2.4 and 2.5 we have
From the results of Rokhlin, Schwarz and Thom it follows that
be the standard embedding. By Propositions 2.4 and 2.5 we have i
. The proposition follows because π * is a monomorphism.
3 Explicit local formulae for the first Pontrjagin classes 3.1 Graphs Γ n and their cohomology Let K be a combinatorial manifold. Assume that there is a simplex
The bistellar move associating with the simplex ∆ 1 is the operation taking K to the simplicial complex (K\(
We assume that ∆ * ∅ = ∆ for any simplex ∆. Hence the bistellar move associating with a maximal simplex of K is just the stellar subdivision of this simplex. The bistellar move associating with a 0-simplex is the inverse stellar subdivision. By a theorem of Pachner [14] (see also [2] ) two PL manifolds are PL homeomorphic if and only if there exists a sequence of bistellar moves transforming the first manifold to the second one.
Consider two PL spheres L 1 , L 2 ∈ T n+1 . Let β 1 and β 2 be two bistellar moves transforming L 1 to L 2 such that β 1 and β 2 are associated with simplices ∆ 1 and ∆ 2 respectively. We say that β 1 and β 2 are equivalent if there exists an automorphism of L 1 taking the simplex ∆ 1 to ∆ 2 . In the sequel we do not distinguish between a bistellar move and its equivalence class. For any bistellar move β by β −1 denote the inverse bistellar move. If a bistellar move β transforming some PL sphere L to itself is equivalent to the bistellar move β −1 , then the bistellar move β is said to be inessential. Let a bistellar move be essential if it is not inessential.
Let us construct the graph Γ n in the following way. The vertex set of Γ n is the set T n+1 . To each equivalence class β of essential bistellar moves transforming L 1 to L 2 assign the edge e β of Γ n with endpoints L 1 and L 2 . The edge e β −1 corresponding to the inverse bistellar move coincides with the edge e β but has the opposite orientation. By Pachner's theorem the graph Γ n is connected.
Let C * (Γ n ; Z) be the cellular chain complex of the graph Γ n . We mean that e β = 0 ∈ C 1 (Γ n ; Z) if the bistellar move β is inessential. The group Z 2 acts on the graph Γ n by changing orientation of all PL spheres. The group Z 2 acts on the group Q by changing sign. Let C * Z2 (Γ n ; Q) = Hom Z2 (C * (Γ n ; Z), Q) be the equivariant cochain complex of Γ n . Let H * Z2 (Γ n ; Q) = H * (C * Z2 (Γ n ; Q)) be the equivariant cohomology of Γ n . By d denote the differential of the complex C * Z2 (Γ n ; Q). We have the isomorphism
We may assume that L 1 and L 2 are simplicial complexes on the same vertex set V . It is actually true if β is associated with the simplex, whose dimension is neither 0 nor n. Otherwise we assume that one of the two simplicial complexes contains the vertex v 0 which is not a simplex of this complex. Let W be the set of all vertices v ∈ V such that the bistellar move β induces an essential bistellar move
(Γ n ; Q) be given by (δh)(e β ) = v∈W h(e βv ). It is easy to prove that δ 2 = 0 and δd = dδ. denote respectively the cocycle group, the coboundary group, and the cohomology group of the complex C * , * with respect to the differential d. By Z * , * δ , B * , * δ H * , * δ denote respectively the cocycle group, the coboundary group, and the cohomology group of the complex C * , * with respect to the differential δ. The graph Γ n−1 is connected. Hence H
Let β, V , and W be as above. Consider the cone CL 1 with vertex u 1 and the cone CL 2 with vertex u 2 . Let L β be the simplicial complex on the set V ∪ {u 1 
Choose the orientation of L β such that the induced orientation of Lk u 2 coincides with the orientation of L 2 . Then L β ∈ T n+1 . If β 1 and β 2 are equivalent bistellar moves, then the complexes L β1 and L β2 are isomorphic. The complexes L β and
is a chain homomorphism of the complexes with differential δ. Proof. For any v ∈ V \W the link of the vertex v in L β is symmetric. For any v ∈ W the link of the vertex v in L β is isomorphic to −L βv . The links of the vertices u 1 and u 2 are isomorphic to −L 1 and L 2 respectively. Hence for any f ∈ C 0,n we have
Consequently df = δs(f ) + s(δf ).
Let A n be the subgroup of C 1,n consisting of all h such that δh ∈ B Proof. We have C 1,2 = 0. Therefore dg = s(δg) for any g ∈ C 0,3 . The proposition follows. 3.2 Generators of the group H 1 (Γ 2 ; Z)
In the sequel if we say that {u 0 , . . . , u l } is a simplex of an l-dimensional oriented simplicial complex L, then we mean that the sequence of the vertices u 0 , . . . , u l provides the given orientation of L. If we show a 2-dimensional simplicial complex in a figure, then we mean that the orientation is clockwise. For any cycle γ ∈ Z 1 (Γ n ; Z) letγ ∈ H 1 (Γ n ; Z) be the homology class represented by γ. Let L be an oriented 2-dimensional PL sphere. An edge e ∈ L is called admissible if there exists a bistellar move associated with e. A pair of edges (e 1 , e 2 ) is called admissible if: 1) there is no triangle ∆ ∈ K containing both e 1 and e 2 ; 2) e 1 and e 2 are admissible; 3) the bistellar move associated with the edge e 1 takes e 2 to an admissible edge.
Let ∆ 1 , ∆ 2 ∈ L be two distinct triangles. Apply to L the bistellar move associated with ∆ 1 ; by v 1 denote the new vertex created by this bistellar move.
Then apply to the obtained triangulation the bistellar move associated with ∆ 2 ; by v 2 denote the new vertex created by this bistellar move. Apply to the obtained triangulation the bistellar move associated with the vertex v 1 . Finally, apply to the obtained triangulation the bistellar move associated with the vertex v 2 . By α 1 (L, ∆ 1 , ∆ 2 ) denote the obtained cycle in the graph Γ 2 , see Fig. 1, a, By S 1 1 (p, q) denote the set of all homology classesᾱ 1 (L, ∆ 1 , ∆ 2 ) such that: 1) the triangles ∆ 1 and ∆ 2 have a unique common vertex x, see Fig. 1, b; 2) there are exactly p triangles containing the vertex x and situated in the angle ϑ 1 ; 3) there are exactly q triangles containing the vertex x and situated in the angle ϑ 2 .
By S 2 1 (p, q) denote the set of all homology classesᾱ 1 (L, ∆ 1 , ∆ 2 ) such that: 1) the triangles ∆ 1 and ∆ 2 have a common edge e with endpoints x and y, see Fig. 1, c; 2) there are exactly p triangles that contain the vertex x and coincide neither with ∆ 1 nor with ∆ 2 ; 3) there are exactly q triangles that contain the vertex y and coincide neither with ∆ 1 nor with ∆ 2 .
Let ∆ ∈ L be a triangle. Let e ∈ L be an admissible edge such that e ⊂ ∆. By α 2 (L, ∆, e) denote the cycle shown in Fig. 2, a, b , c. Let S 0 2 be the set of all homology classesᾱ 2 (L, ∆, e) such that the triangle ∆ has common vertices neither with ∆ 1 nor with ∆ 2 , where ∆ 1 and ∆ 2 are the two triangles containing the edge e, see Fig. 2 , a.
By S 1 2 (p, q) denote the set of all homology classesᾱ 2 (L, ∆, e) such that: 1) the triangle ∆ has a unique common vertex x with the triangle ∆ 1 , see Fig. 2, b; 2) there are exactly p triangles containing the vertex x and situated in the angle ϑ 1 ; 3) there are exactly q triangles containing the vertex x and situated in the angle ϑ 2 .
By S 2 2 (p, q) denote the set of all homology classesᾱ 2 (L, ∆, e) such that: 1) the triangles ∆ and ∆ 1 have a common edge e 1 with endpoints x and y, see Fig. 2, c; 2) there are exactly p triangles that contain the vertex x and coincide neither with ∆ nor with ∆ 1 ; 3) there are exactly q triangles that contain the vertex y and coincide with none of the triangles ∆, ∆ 1 , and ∆ 2 .
Assume that (e 1 , e 2 ) is an admissible pair. By α 3 (L, e 1 , e 2 ) denote the cycle shown in Fig. 3 , a, b, c. Let S 0 3 be the set of all homology classesᾱ 3 (L, e 1 , e 2 ) such that any triangle containing the edge e 1 has no common vertices with any triangle containing the edge e 2 , see Fig. 3 , a. Fig. 3 By S 1 3 (p, q) denote the set of all homology classesᾱ 3 (L, e 1 , e 2 ) such that: 1) the triangle ∆ 1 has a unique common vertex x with the triangle ∆ 2 , see Fig. 3, b; 2) there are exactly p triangles containing the vertex x and situated in the angle ϑ 1 ; 3) there are exactly q triangles containing the vertex x and situated in the angle ϑ 2 .
By S 2 3 (p, q) denote the set of all homology classesᾱ 3 (L, e 1 , e 2 ) such that: 1) the triangles ∆ 1 and ∆ 2 have a common edge with endpoints x and y, see Fig. 3, c; 2) there are exactly p triangles that contain the vertex x and coincide with none of the triangles ∆ 1 , ∆ 2 , and ∆ 4 ;
3) there are exactly q triangles that contain the vertex y and coincide with none of the triangles ∆ 1 , ∆ 2 , and ∆ 3 .
Let x, y, z be vertices of L. Suppose there exists the vertex u such that {u, x, y}, {u, y, z}, and {u, z, x} are triangles of L. Then by α 4 (L, x, y, z) denote the cycle shown in Fig. 4 . Let S 4 (p, q, r) be the set of all homology classes α 4 (L, x, y, z) such that there are exactly p, q, and r triangles that contain respectively the vertices x, y, and z and coincide with none of the triangles {u, x, y}, {u, y, z}, and {u, z, x}. Fig. 5 . Let S 5 (p, q, r, k) be the set of all homology classesᾱ 5 (L, x, y, z, u) such that there are exactly p, q, r, and k triangles that contain respectively the vertices x, y, z, and u and coincide neither with {x, y, z} nor with {x, z, u}.
Let x, y, z, u, v be the vertices of L. Suppose the full subcomplex of L spanned by the set {x, y, z, u, v} consists of the triangles {x, y, z}, {x, z, u}, and {x, u, v}, their edges and vertices. Then let α 6 (L, x, y, z, u, v) be the cycle shown in Fig. 6 . Let S 6 (p, q, r, k, l) be the set of all homology classesᾱ 6 (L, x, y, z, u, v) such that there are exactly p, q, r, k, and l triangles that contain respectively the vertices x, y, z, u, and v and coincide with none of the triangles {x, y, z}, {x, z, u}, and {x, u, v}. q, r, k) , and S 6 (p, q, r, k, l).
Proposition 3.4. The set S generates the group H 1 (Γ 2 ; Z).
The formula
By Theorem 2.1, there exists a unique generator φ ∈ H 4 (T * (Q)) ∼ = Q such that φ ♯ (M ) = p 1 (M ) for any manifold M . The following theorem gives an explicit description of the generator φ. 
There exists a unique linear extension of c 0 to H 1 (Γ 2 ; Z). This extension, which we also denote by c 0 , belongs to the group
. Thus s maps isomorphically the affine space of all local formulae for the first Pontrjagin class to the affine space of all cocycles c 0 ∈ C 1 Z2 (Γ 2 ; Q) representing the class c 0 . Note 3.1. Notice that similar numbers appear in [10] in a quite different problem. In this paper M.È Kazarian obtained a formula for a Chern-Euler class of a circle bundle over a closed surface in terms of singularities of a generic function's restrictions to the fibers.
How to make calculations using this theorem? First we need to choose a representative c 0 of the class c 0 to fix a local formula f for the first Pontrjagin class. Let us now show how to calculate the value f (L), where L is an oriented 3-dimensional PL sphere. Let β 1 , β 2 , . . . , β l be the sequence of bistellar moves transforming the boundary of 4-simplex to the PL sphere L. Let L j be the PL sphere obtained from ∂∆ 4 by applying the bistellar moves β 1 , β 2 , . . . , β j−1 . Let W j be the set of all vertices v ∈ L j such that the bistellar move β j induces an essential bistellar move β jv of Lk v. Then
Assume that we need to calculate the first Pontrjagin number of an oriented 4-dimensional combinatorial manifold K. Then we don't need to choose a representative c 0 of the cohomology class c 0 . Let 
where e is the edge of the graph Γ 2 such that the action of the group Z 2 takes e to e.
Sketch of the proof of Theorem 3.1.
On the other hand, in section 3.4 we prove that for any cohomology class c ∈ A 3 there exists λ ∈ Q such that c(ᾱ) = λc 0 (ᾱ) for anyᾱ ∈ S. Therefore dim
Therefore the cohomology class c 0 is well-defined, c 0 ∈ A 3 and s * (φ) = λc 0 for some rational λ = 0. In section 3.5 we prove that λ = 1.
The group A 3
Consider an arbitrary c ∈ A 3 ⊂ Hom Z2 (H 1 (Γ 2 ; Z), Q). Let α = α i (L, . . .) be a cycle shown in one of Fig. 1-6 . By X(α) denote the set of all vertices that are denoted in the corresponding figure by one of the letters x, y, z, u, and v. The generatorᾱ ∈ S is called regular if it satisfies the following conditions: 1)
Star a is a full subcomplex of L.
2) If w /
∈ X(α), a, b ∈ X(α), and {w, a}, {w, b} ∈ L, then {w, a, b} ∈ L. Considerᾱ 1 (L, ∆ 1 , ∆ 2 ) ∈ S 0 1 . Let K ∈ T 4 be a PL sphere containing a vertex u such that Lk u ∼ = L and Star u is a full subcomplex of K. Identify the two simplicial complexes Lk u and L. Put ∆ 1 = ∆ 1 ∪ {u} and ∆ 2 = ∆ 2 ∪ {u}. Apply to K the bistellar move associated with ∆ 1 ; by z 1 denote the new vertex created by this bistellar move. Then apply to the obtained PL sphere the bistellar move associated with ∆ 2 ; by z 2 denote the new vertex created by this bistellar move. Apply to the obtained PL sphere the bistellar move associated with the vertex z 1 . Finally, apply to the obtained PL sphere the bistellar move associated with the vertex z 2 . By γ denote the obtained cycle in the graph Γ 3 . For any vertex v of K the sequence of bistellar moves transforming K to itself induces the sequence of bistellar moves transforming Lk v to itself. Hence the cycle γ induces the cycle β v in the graph Γ 2 . Then δ * (c)(γ) = v c(γ v ). Now δ * (c) = 0 because c ∈ A 3 . For any vertex v ∈ K distinct from the vertex u the cycle γ v is homologous to zero. The cycle γ u coincides with the cycle
Similarly, c(ᾱ) = 0 for anyᾱ ∈ S p, q) .
2 ) ∈ S 
1 , ∆
2 ) is regular. Obviously, there exists a 3-dimensional oriented PL sphere K containing an edge e with endpoints u and w such that the following conditions hold: 1) The link of e is a (p + q + 2)-gon containing two edges denoted by e 1 and e 2 .
2) The link of u is isomorphic to L (1) . This isomorphism takes the triangle spanned by the vertex w and the edge e j to the triangle ∆
(1)
3) The link of w is isomorphic to −L (2) . This isomorphism takes the triangle spanned by the vertex u and the edge e j to the triangle ∆
j , j = 1, 2. By ∆ j denote the 3-simplex of L spanned by the edges e and e j . Let the cycle γ be as above. For any vertex v ∈ L distinct from the vertices u and w the induced cycle γ v is homologous to zero. The cycle γ u coincides with the cycle α 1 (L (1) , ∆
2 ), the cycle γ v coincides with the cycle
2 ).
2 )). To conclude the proof note that each set S Proof. Considerᾱ i (L (1) , ∆
2 ) ∈ S 2 1 (p, q). Consider r > 0. Choose regular generatorsᾱ 1 (L (2) , ∆
2 ) ∈ S
2 ) ∈ S 2 1 (r, p). There exists a 3-dimensional oriented PL sphere K containing a 2-simplex ∆ 0 with vertices u (1) , u (2) , and u (3) such that the following conditions hold:
2) This isomorphism takes the 2-dimensional face of the simplex ∆ j opposite the vertex u (i) to the triangle ∆ (i) j , j = 1, 2, where ∆ 1 , ∆ 2 ∈ L are the two tetrahedrons containing ∆ 0 .
As in the prove of Proposition 3.5 we obtain
2 )) = 0
2 ) we can take any generatorᾱ ∈ S 2 1 (p, q). Hence the function c is constant on S 2 1 (p, q). The equality τ (p, q) + τ (q, r) + τ (r, p) = 0 follows.
Evidently, τ (p, q) = −τ (q, p). Therefore there exists a function χ : Z >0 → Q such that τ (p, q) = χ(q) − χ(p) for any p, q > 0. The function χ is unique up to a constant. Extend the function ρ to the function of Z ≥0 × Z ≥0 to Q by putting ρ(0, p) = χ(p), ρ(p, 0) = −χ(p), and ρ(0, 0) = 0. Proposition 3.7. The function ρ satisfies the following equations.
(ii) ρ(p, q + r + 2) + ρ(q, r + p + 2) + ρ(r, p + q + 2) = ρ(p, q + r + 1) + ρ(q, r + p + 1) + ρ(r, p + q + 1)
Let L be an oriented simplicial 2-sphere containing a vertex x such that there exist exactly (p + q + r + 3) triangles of L containing x. Let us go round the vertex x clockwise. Let ∆ 1 , ∆ 2 , and ∆ 3 be triangles containing the vertex x such that we pass through the triangle ∆ 1 , then through r other triangles, then through the triangle ∆ 2 , then through p other triangles, then through the triangle ∆ 3 , then through q other triangles, and then again through the triangle ∆ 1 . By L j denote the PL sphere obtained from L by applying the bistellar move associated with ∆ j . It is easy to prove that
, where the sums of indices are modulo 3. Applying c to the homology classes of both parts of this equality, we obtain equation (ii). Without loss of generality we may assume that ρ(p, q) =
for any p, q ≥ 0.
The proofs of the following propositions are similar two the proofs of Propositions 3.5 and 3.6. Let ω j ∈ Z 1 (Γ 2 ; Z), j = 1, 2, . . . , 6 be cycles such that the following conditions hold: 6 , y 6 , z 6 ),ω ∈ S 4 (p 46 , p 36 , p 56 ); 7) At least 5 of the generatorsω j are regular.
By L
j , j = 1, 6 denote the PL sphere obtained from L j by the bistellar move associated with the vertex u j .
There exists a 3-dimensional oriented PL sphere K containing vertices w j , j = 1, 2, . . . 6 such that the following conditions hold: 1) The full subcomplex of K spanned by the set {w j , j = 1, . . . 6} consists of the tetrahedrons {w 1 , w 2 , w 3 , w 4 }, {w 2 , w 3 , w 4 , w 5 }, and {w 3 , w 4 , w 5 , w 6 } and all their faces. 2) For any edge {w i , w j } ∈ L, i < j there are exactly p ij tetrahedrons that contain the edge {w i , w j } and coincide with none of the tetrahedrons {w 1 , w 2 , w 3 , w 4 }, {w 2 , w 3 , w 4 , w 5 }, and {w 3 , w 4 , w 5 , w 6 }.
3) The links of the vertices w j can be identified with the complexes L j for 1 < j < 6 and L (1) j for j = 1, 6 so that the vertices will be identified in the following way:
Apply to L the following sequence of bistellar moves: 1) Replace the 3-simplices {w 1 , w 2 , w 3 , w 4 } and {w 2 , w 3 , w 4 , w 5 } with the 3-simplices {w 1 , w 2 , w 3 , w 5 }, {w 1 , w 3 , w 4 , w 5 }, and {w 1 , w 4 , w 2 , w 5 }.
2) Replace the 3-simplices {w 1 , w 3 , w 4 , w 5 } and {w 3 , w 4 , w 5 , w 6 } with the 3-simplices {w 1 , w 3 , w 4 , w 6 }, {w 1 , w 4 , w 5 , w 6 }, and {w 1 , w 5 , w 3 , w 6 }.
3) Replace the 3-simplices {w 1 , w 2 , w 3 , w 5 } and {w 1 , w 5 , w 3 , w 6 } with the 3-simplices {w 2 , w 3 , w 1 , w 6 }, {w 2 , w 1 , w 5 , w 6 }, and {w 2 , w 5 , w 3 , w 6 }. 4) Replace the 3-simplices {w 1 , w 4 , w 2 , w 5 }, {w 1 , w 6 , w 4 , w 5 }, and {w 1 , w 2 , w 6 , w 5 } with the 3-simplices {w 1 , w 2 , w 6 , w 4 } and {w 2 , w 6 , w 4 , w 5 }. 5) Replace the 3-simplices {w 1 , w 2 , w 3 , w 6 }, {w 1 , w 3 , w 4 , w 6 }, and {w 1 , w 4 , w 2 , w 6 } with the 3-simplices {w 1 , w 2 , w 3 , w 4 } and {w 2 , w 3 , w 4 , w 6 }. 6) Replace the 3-simplices {w 2 , w 3 , w 4 , w 6 }, {w 2 , w 4 , w 5 , w 6 }, and {w 2 , w 5 , w 3 , w 6 } with the 3-simplices {w 2 , w 3 , w 4 , w 5 } and {w 3 , w 4 , w 5 , w 6 }.
This sequence of bistellar moves transforms L to itself. Let γ be the obtained cycle in the graph Γ 3 . The cycle γ wj is homologous to the cycle ω j for j = 3, 5, 6. The cycle γ wj is homologous to the cycle −ω j for j = 1, 2, 4. Therefore,
Consequently the function c is constant on each of the sets S 4 (p, q, r), S 5 (p, q, r, k), and S 6 (p, q, r, k, l), p, q, r, k, l ≥ 3. By η(p, q, r), ζ(p, q, r, k), and θ(p, q, r, k, l) respectively denote the values of the function c on these sets. Proposition 3.12. There exists a constant b 5 ∈ Q such that for any p, q, r, k, l ≥ 3 we have
Proof. Considerᾱ 6 (L, x, y, z, u, v) ∈ S 6 (p, q, r, k, l), p, q, r, k, l ≥ 3. Let ∆ ∈ L be a triangle such that x is a vertex of ∆, y, z, u, and v are not vertices of ∆. Let us go round the vertex x clockwise. Suppose we pass through the triangle ∆, then through p ′ other triangles, then through the triangles {x, y, z}, {x, z, u}, {x, u, v}, then through p ′′ other triangles, and then again through the triangle ∆. Then p ′ + p ′′ = p − 1. The cycle α 6 (L, x, y, z, u, v) is the sequence of 5 bistellar moves. By L j , j = 0, 1, 2, 3, 4 denote the PL sphere obtained from L by the first j bistellar moves of this sequence. In particular, L 0 = L. By L j . There is the canonical map of the graph G to the graph Γ 2 . (This map is not necessarily an injection.) The graph G is isomorphic to a 1-skeleton of a pentagonal prism. Let us go the round of some 2-dimensional face of this sphere. We obtain the cycle in the graph Γ 2 . In this way, we obtain the cycles α 6 (L, x, y, z, u, v), −α 6 (L (1) 0 , x, y, z, u, v), α 2 (L 0 , ∆, {x, z}), α 2 (L 1 , ∆, {u, x}), α 2 (L 2 , ∆, {y, u}), α 2 (L 3 , ∆, {v, y}), α 2 (L 4 , ∆, {z, v}). The sum of all these cycles is equal to zero. Consequently, In addition, the function θ is cyclically symmetric. The proposition follows from the equality Proof. Considerᾱ 6 (L, x, y, z, u, v) ∈ S 6 (p, q, r, k, l), p, q, r, k, l ≥ 3. Let ∆ be the triangle that contains the edge {x, y} and does not coincide with the triangle {x, y, z}. Arguing as in the proof of Proposition 3.12, we see that θ(p + 1, q + 1, r, k, l) − θ(p, q, r, k, l) = − 2λ (p + 2)(p + 3)(p + 4) − 2λ (q + 2)(q + 3)(q + 4) − b 2
Hence, b 2 = 0.
The following two propositions are proved in the same way as Proposition 3.12.
Proposition 3.14. There exists b 3 ∈ Q such that for any p, q, r ≥ 3 we have η(p, q, r) = λ (p + 2)(p + 3) − λ (q + 2)(q + 3) + λ (r + 2)(r + 3) + b 3 Proposition 3.15. There exists b 4 ∈ Q such that for any p, q, r, k ≥ 3 we have ζ(p, q, r, k) = λ (p + 2)(p + 3) − λ (q + 2)(q + 3) − λ (r + 2)(r + 3)
Considerᾱ 6 (L, x, y, z, u, v) ∈ S 6 (p, q, r, k, l), p, q, r, k, l ≥ 2. Let ∆ be the triangle that contains the edge {x, y} and does not coincide with the triangle {x, y, z}. Let L (1) be the PL sphere obtained from L by the bistellar move associated with ∆. Arguing as in the proof of Proposition 3.13, we see that Consequently for any p, q, r, k, l ≥ 2 the function c is constant on S 6 (p, q, r, k, l) and the formula of Proposition 3.12 holds. Similarly the formulae of Propositions 3.14 and 3.15 hold for any p, q, r ≥ 2 and p, q, r, k ≥ 2 respectively. The formula of Proposition 3.14 holds also for p = q = r = 1.
Obviously, η ( 
The constant λ
We have s * (φ) = λc 0 for some λ ∈ Q. To prove that λ = 1 we need to check that the formula of the Corollary 3.2 holds for some oriented 4-dimensional combinatorial manifold with nonzero first Pontrjagin number.
In [11] W. Kühnel and T. F. Banchoff constructed the triangulation CP 2
